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. Abstract 

The general lines of the derivation and the main properties of the 
■ master equations for the master amplitudes associated to a given Feyn- 

^ , man graph are recalled. Some results for the 2-loop self-mass graph 

with 4 propagators are then presented. 
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PACS 11.15.Bt General properties of perturbation theory 
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1 Introduction. 



The integration by part identities [|J are by now a standard tool for ob- 
taining relations between the many integrals associated to any Feynman 
graph or, equivalently, for working out recurrence relations for expressing 
the generic integral in terms of the "master integrals" or "master ampli- 
tudes" of the considered graph. A good example of the use of the integration 
by part identities is given in [Q], where the recurrence relations for all the 
2-loop self-mass amplitudes are established in the arbitrary masses case. 
It has been shown in || that by that same technique one can obtain a set of 
linear first order differential equations for the master integrals themselves; 
the coefficients of the equations are ratio of polynomials with integer co- 
efficients in all the variables; the equations are further non homogeneous, 
with the non homogeneous terms given by the master integrals of the sim- 
pler graphs obtained from the considered graph by removing one or more 
internal propagators. 

Restricting ourselves for simplicity to the self-mass case, for any Feynman 
graph the related integrals can in general be written in the form 

A(a,p 2 ) = J d n k B(a,p,k) . (1) 

In more detail, d n k = d n k\...d n k[ stands for the n-continuous integration on 
an arbitrary number I of loops and k stands for the set of the corresponding 
loop momenta, so that there are altogether s = (I + 1)(Z + 2)/2 different 
scalar products, including p 2 ; B(a,p, k) is the product of any power of the 
scalar products in the numerators divided by any power of the propagators 
occurring in the graph (all masses will always be taken as different, unless 
otherwise stated); as the propagators are also simple combinations of the 
scalar products, simplifications might occur between numerator and denom- 
inator and as a consequence one expects quite in general (s — 1) different 
factors altogether in the numerator and denominator, independently of the 
actual number of propagators present in the graph (graphs with less prop- 
agators have more factors in the numerator and viceversa); therefore the 
symbol a in Eq.(Q) stands in fact for a set of (s — 1) indices - the (integer) 
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powers of the (s — 1) factors. 

The integration by parts corresponding to the amplitudes of Eq. (|l|) are 



where v stands for any of the (I + 1) vectors k and p; there are therefore 
1(1 + 1) identities for each set of indices a. The identity is easily established 
- for small n the integral of the divergence vanishes. When the derivatives 
are explicitly carried out, one obtains the sum of a number of terms, all 
equal to a simple coefficient (an integer number or, occasionally, n), times 
an integrand of the form B(j3,k,p), with the set of indices j3 differing at 
most by a unity in two places from the set a. 

That set of identities is infinite; even if they are not all independent, they can 
be used for obtaining the recurrence relations, by which one can express each 
integral in terms of a few already mentioned "master amplitudes" , through 
a relation of the form 



where the set of indices m takes the very few values corresponding to the 
master amplitudes, j refers to simpler master integrals in which one or more 
denominators are missing, and the coefficients C(a, m), C(a,j) are ratios of 
polynomials in n, masses and p 2 . 

Let us consider now one of the master amplitudes themselves, say the master 
amplitude identified by the set of indices m; according to Eq.(||) we can write 




i = 1, 



(2) 



A(a, P 2 ) = Y, m)A(m, p 2 ) +Y, j) A (j, P 2 ) 



(3) 



rn 




By acting with Pa{d/dpu) on both sides we get 




According to the discussion following Eq.((2|), the r.h.s. is a combination 
of integrands; as Eq.(||) applies to each of the corresponding integrals, one 



3 



obtains the relations 
d 

p 2 -^A(m,p 2 ) = Y,C{m,m')A{m' ,p 2 ) + Y,C{m,j)A{j,p 2 ) , (6) 

m' j 

which are the required master equations. As in Eq.(||), j refers to simpler 
master integrals (in which one or more denominators are missing; they con- 
stitute the non- homogeneous part of the master equations) , to be considered 
as known when studying the A(m,p 2 ). 

It is obvious from the derivation that the master equations can be estab- 
lished regardless of the number of loops. It is equally clear that for graphs 
depending on several external momenta (such as vertex or 4-body scattering 
graphs) one has simply to replace the single operator p^(d/dp^) of Eq.(||) by 
the set of operators p l ^{d j dp 3 ^) , where i,j run on all the external momenta, 
and with some more algebra one can obtain master equations in any desired 
Mandelstam variable. 

The master equations are a powerful tool for the study and the evaluation 
of the master amplitudes; among other things: 

• they provide information on the values of the master amplitudes at 
special kinematical points (such as p = in Eq.(|); the l.h.s. van- 
ishes, as p 2 = is a regular point, so that the r.h.s. is a relation among 
master amplitudes at p 2 = 0, usually sufficient to fix their values at 
that point); 

• the master equations are valid identically in n, so that they can be 
expanded in (n — 4) and solved recursively for the various terms of 
the expansion in (n — 4), starting from the most singular (with 2-loop 
amplitudes one expects at most a double pole in (n — 4)); 

• when the initial value at p 2 = has been obtained, the equations 
can be integrated by means of fast and precise numerical methods 
(for instance with a Runge-Kutta routine), so providing a convenient 
approach to their numerical evaluation; note that the numerical ap- 
proach can be used both for arbitrary n or for n = 4, once the expan- 
sion has been properly carried out; 
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• the equations can be used to work out virtually any kind of expansion, 
in particular the large p 2 expansion, as will be shown in some detail; 

• in particularly simple cases (for instance when most of the masses 
vanish and only one or two scales are left) the analytic quadrature 
of the equations can lead to the analytic evaluation of the master 
amplitudes. 

2 The 2-loop 4-propagator graph. 

The use of the master equations for studying the 1-loop self-mass and the 
2-loop sunrise self-mass graph has been already discussed, ||, Q; we will de- 
scribe here its application to the 2-loop 4-propagator self-mass graph shown 
in Fig.l. 



Figure 1: G(n, m 2 , m 2 ,, mjj, m 2 , p 2 ) , the 2-loop 4-propagator self-mass graph. 



The corresponding amplitude is defined as 



n = 4 its value is 1; if all momenta are Euclidean the ie in the propagators 



P 
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is not needed. 

Skipping details, the master equation is 



r>2/ 2 2 2\ 2 ® r<( 2 2 2 22 

R (-p ,m 1 ,m 4 )p pG(n,m 1 ,m2,m 3) ro 4) p 
n - 4 



7~>Z/ 2 Z 2\r~i{ Z Z Z Z 2\ 

K {—p ,m 1 ,m 4: )G(n,rn 1 ,m 2 ,m 3 ,m 4: ,p ) 

-(n — 3) (mf + m 2 )p 2 + (m 2 — m 2 ) 2 G(n,m 2 ,m 2 ,m 2 ,m 2 ,p 2 ) 
-(3p 2 — m 2 + m\)m\Fi{n, m 2 , m 2 , m 2 ,p 2 ) 



-(p 2 - m 2 + mf) 



3n-8 



771 / 2 2 2 2\ 



2 r / 2 2 2 2\, 2r / 2 2 2 2\ 

+ m 2 F 2 (n,m 1 ,m 2 ,m 3 ,p ) +m 3 F 3 {n,m l ,m 2 ,m 3 ,p ) 
- 7:( n - 2)V(n,m|,m|,ml) 



(8) 



where the -Ffc(n, m 2 , mf>, m^p 2 ), fc = 0, ..,3 are the 2-loop self-mass sunrise 
master amplitudes |§|j], 

1 /■ d n /ci cTfcjj 



771 / Z Z Z Z\ 

F {n,m 1 ,m 2 ,m 3 ,p ) 



C 2 (n)7 (2vr)™- 2 (2vr)™- 2 
1 



and 



771 / 2 2 2 2 
F i (n,m 1 ,m 2 ,m 3 ,p 



(k 2 + mf) (fcf + ml) [(p -h- k 2 ) 2 + mf] ' 




(9) 



5m? 



F (n,m l ,m 2 ,m 3 ,p ), i= 1,2,3 (10) 



while V {n,m 2 ,m 2 ,m 3 ) corresponds to the 2-loop vacuum amplitude, 



t /■ / 2 2 2\ 



1 



C 2 (ra)J (2vr)«- 2 (2vr)«- 2 
1 

(fc 2 + mf ) (A; 2 + ml) [(fci + fc 2 ) 2 + m|] 



(11) 



and, as usual 

->%< „2 2 2 



R 2 (—p z ,m z , m 2 ) = + m\ + m 4 , + 2m\p 2 + 2m 2 p z — 2m z m 2 



,22 



,2 2 



The value at p 2 = is (almost trivially) found to be 

n( 2 2 2 2 n x V(n,ml,mj,ml) -V(n,ml,ml,mj) 
G(n, mf,m 2 , mg,m|,0) = — ^ 2 (.12) 



mf — m| 



The expansion in (n — 4) reads 



G{n,m\,m\,m\,m\,p 2 ) = £ (n - A) k G {k) {m\, m|, m|, ml,p 2 ) (13) 

fc=-2 

By expanding in the same way all the other amplitudes occurring in the 
master equation Eq.(||) and using the results of Q, the first values are 
found to be 

G^Hmlmlmlmlp 2 ) = -1 - ^(m 2 , m 2 ,p 2 ) , (14) 

lb 2 

where S^°\rn 2 ,m 2 ,p 2 ) is the finite part at n = 4 of the 1-loop self mass; 
more exactly, defining 

1 r d n k 1 



of 2 2 2^ 

3{n,m 1 ,m 2 ,p 



C(n) J (27r)"- 2 (A; 2 + mf ) [(p - k) 2 + m 



I] ' 



and expanding in (n — 4), one finds || 

5(n,m 2 ,m 2 ,p 2 ) = -i r ^— + S(°)(m 2 ,m 2 ,/)+0(n-4) (15) 
2 (n — 4) 



with 



^(mf, ml, p 2 ) = ~-~ln(mim 2 ) 



1 

Ap 2 



R(—p 2 , m?, ml) ln(u(p 2 , mf, m!)) + (m? — ml) In — 

m 2 



(16) 



where 



R(— p 2 , m 2 , m 2 ,) = \J\p 2 + (mi + m 2 ) 2 ][p 2 + (mi — m 2 ) 5 



u(p 2 m 2 m 2 ) - V^ 2 + ( m i + m 2) 2 ~ \Jv 2 + (mi - m 2 ) 2 
^/p 2 + (mi + m 2 ) 2 + \/p 2 + ( m i _ m 2) 2 
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3 The large p 2 expansion. 



Quite in general, if u = (n — 4)/2 , the large p 2 expansion is 



2 2 2 2 2\ / 2\2o; ^(00,2) / 2 2 2 2\ ^ 



G(n,m? ) ml,m§>"&P 2 ) = (p 2 ) 2 ^ £ g1°°' 2) ( 



fc=0 

00 



1 



+ (p 2 )" J2 G k°' ( n > m l> m 2> ™3> m l)-^k 
1 °° 1 

+ ^E G i~' 0) ( n ' m2 ' m i' m i>^i)pjfe ( 17 ) 

Any /-loop amplitude, indeed, at large p 2 develops I terms with "fractional 
powers" in p 2 , with exponents u, 2u>, • • • lu>, besides the "regular" term con- 
taining integer powers only. As any 2-loop amplitude has "fractional di- 
mension" equal to 2 (in square mass units), on dimensional grounds the co- 
efficients Gjj.°° , G^ 00 ' 1 ^ and G^°'°^ must have "fractional dimension" equal 
to 0, 1 and 2 respectively. 

Similar expansions are valid for the sunrise amplitudes appearing in the 
r.h.s. of Eq.(j8|) such as 

oo -■ 
IP f 2 2 2 2\ 2t 2\2w j-i(oo,2)/ 2 2 2\ 1 

F (n,m l ,m 2 ,m 3 ,p ) = p (p ) 2^ F o,fc ( n > m i> m 2i m 3)T^ 



(p2)k 



fc=0 

OO -I 

fc=0 ^ ' 

1 00 1 

+ ^E F 0,T' 0) ( n ' m2 ' m 2' m 3)7-2Tfc ( 18 ) 
^ fc=0 ^ ' 

as well as for the 1-loop self-mass amplitude (whose "fractional power" is 
just u) 

00 2 



at 2 2 2\ 1 2\ui o(°°> 1 )f' 2 2\ 

S{n,m 1 ,m 2 ,p ) = (p ) }^ S k { n , m i, m 2) 



> 2 ) fc 

1 00 1 

+ 3£^%,™ 2 ,™l)i- (19) 

^ fc=0 yp ' 
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When the above expansions are inserted into the master equations and in the 
recurrence relations (to be regarded, in this context, as differential equations 
in the masses), one obtains a number of equations providing important 
relations between the coefficients of the expansions. 
As a result, one finds [|| 

si °> 1 \n,mlm 2 2 ) = S^(n) , (20) 

where S^ 00 ) (n) is a dimensionless function of n only; an explicit calculation 
(most easily performed by putting m 2 = 0) gives for its expansion in n — 4 

s(o ° ,( "> = -\ + \ + G« 2 > - k) (n - 4) + ° ( (n - 4)2 ) ■ (2i) 

All the other sj^'^in , m 2 , m 2 ), fc = 1, 2, .. can then obtained explicitly and 
are found to be proportional to S^°°\n). 
One further finds 

S {o °' 0) (n m 2 m 2 ) - m i~ 2 + m 2^ (22) 
b Q {n,m x ,m 2 )- (n _ 2)(n _ 4) (22) 

and similar expressions for all the other S^°'°\ 

Note here that in the massless limit one has the exact relation 

S(n,0,0,p 2 ) = (p 2 rS ( ^(n) . (23) 

Likewise, one obtains (Q; the results are reported here with minor changes 
of notation) 

F^ 2) (n,mlm 2 ,m 2 ) = F^ 2 \n) (24) 

F^' l \n,ml,m 2 2 ,ml) = ^'^(n) (m™" 2 + m™~ 2 + m™~ 2 ) (25) 

^(00,0), 2 2 2, (m 1 m 2 ) n ~ 2 + (mim 3 ) n - 2 + (m 2 m 3 ) n - 2 

F 00 {n,m 1 ,m 2 ,m 3 ) = _ ^ _ (26) 

By expanding as usual around n = 4 

oo 

i?(°°.9( n ) = g (n-4) J 'F^ , (27) 
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one finds 



i?(2,-2) 


= , 




i?(2-l) 


1 


pih-l) 




~~ 32 ' 
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~128 ' 





_ 4j p(2,l) i 

128 ' 



(28) 



When the large p 2 expansions, Eq.s(17,18,|l9D, are substituted into Eq. (|8j) 
one can express the Gf°' 4) (n , m 2 , m 2 , m 2 , mf) in terms of the other coeffi- 
cients, already known. 
One finds 

T (oo,0) 



and 



M"u,u;/ 2 2 2 2\ ta/ 2 2 2\ 
,(oo,2), _2 _2 _2 _2^ 3n — 8 



^o<j,z 1/ ^ ^ ^ 2\ 

'{n,m 1 ,m 2 ,m 3 ,m 4 ) 



'_p(oo.2). 



n 



n 



(29) 
(30) 



while Gq 00 ' 1 ^!!, mf , m^, mj, m 2 ) depends on the combination 

{n - 2)F ( - co ' 1 \n) - S iQO \n)/{n - 4) ; 
when the combination is expanded around n = 4 as in Eq.(|27|) and the 



explicit values of Eq.(28) are used, the first 3 terms of the expansion 
namely the double pole, the simple pole and the term constant in {n — 4) 
are all found to vanish, suggesting the existence of the exact relation 

1 



n) 



(31) 



(n - 2)(n - 4) 

The above result seems to be confirmed by a preliminary investigation of the 
large p 2 behaviour of the 5-propagator 2-loop self-mass graph (in progress). 
When Eq.(|3l|) is taken as valid, one finds 

Gt' 1 \n,m 2 1 ,mlmlml) = (32) 

and 

,0(00,1)/ 2 2 2 2\ 

G\ '{n,m 1 ,m 2 ,m 3 ,m i ) = 



5(00) ( 



n 



(n - 2)(n - 4) 



Kr-(n-3) ((mir + (mir K33) 
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